Introduction {#Sec1}
============

In this paper we consider a nonlinear ill-posed operator equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}(F)$$\end{document}$ maps between real Banach spaces *X* and *Y*. We are interested in the ill-posed situation, i.e., *F* fails to be continuously invertible, and the data are contaminated with noise, thus regularization has to be applied (see, e.g., \[[@CR8], [@CR27]\], and references therein).

Throughout this paper we will assume that an exact solution $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta $$\end{document}$ in the (deterministic) estimate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert y-y^\delta \Vert \le \delta \end{aligned}$$\end{document}$$is known.

Partially we will also refer to the formulation of the inverse problem as a system of model and observation equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} C(u)= & {} y\,. \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
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                \begin{document}$$C:V\rightarrow Y$$\end{document}$ are the model and observation operator, so that with the parameter-to-state map $\documentclass[12pt]{minimal}
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                \begin{document}$$F=C\circ S$$\end{document}$, ([1](#Equ1){ref-type=""}) is equivalent to the all-at-once formulation ([3](#Equ3){ref-type=""}), ([4](#Equ4){ref-type=""}).

Newton type methods for the solution of nonlinear ill-posed problems ([1](#Equ1){ref-type=""}) have been extensively studied in Hilbert spaces (see, e.g., \[[@CR2], [@CR20]\] and the references therein) and more recently also in a in Banach space setting. In particular, the iteratively regularized Gauss--Newton method \[[@CR1]\] can be generalized to a Banach space setting by calculating iterates $\documentclass[12pt]{minimal}
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                \begin{document}$$x_{k+1}^{\delta }$$\end{document}$ in a Tikhonov type variational form as$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\in [1,\infty )$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$(\alpha _k)_{k\in \mathbb {N}}$$\end{document}$ is a sequence of regularization parameters, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}$$\end{document}$ is some nonnegative regularization functional. Alternatively, one might introduce regularization by imposing some bound $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _k$$\end{document}$ on the norm of *x*, or, again, generally, on a regularization functional of *x*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x_{k+1}^{\delta } \in \mathrm{argmin}_{ x\in \mathcal {C} } \ \Vert F'(x_k^\delta )(x-x_k^\delta )+F(x_k^\delta )-y^\delta \Vert \text{ such } \text{ that } \mathcal {R}(x)\le \rho _k\,, \end{aligned}$$\end{document}$$which corresponds to Ivanov regularization or the method of quasi solutions, see, e.g., \[[@CR7], [@CR13]--[@CR15], [@CR22], [@CR24], [@CR26]\]. A third way of incorporating regularization in a Newton type iteration is Morozov regularization, also called the method of the residuals, see, e.g., \[[@CR9], [@CR22], [@CR23]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma \in (0,1)$$\end{document}$, where the choice of the bound in the inequality constraint is very much inspired by the inexact Newton type regularization parameter choice in \[[@CR10]\].

We restrict ourselves to the norm in *Y* as a measure of the data misfit, but the analysis could as well be extended to more general functionals $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {S}$$\end{document}$ satisfying certain conditions, as e.g., in \[[@CR11], [@CR28]\]. Here $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}$$\end{document}$ is a set (possibly chosen with convenient properties for carrying out the minimization) containing $\documentclass[12pt]{minimal}
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                \begin{document}$$x^\dagger $$\end{document}$ and being contained in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}(F)$$\end{document}$, such that *F* satisfies additional conditions on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}$$\end{document}$ see ([8](#Equ8){ref-type=""}), ([10](#Equ10){ref-type=""}) below. If *F* is defined on all of *X*, then the minimization problem ([5](#Equ5){ref-type=""}) can be posed in an unconstrained way $\documentclass[12pt]{minimal}
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As a restriction on the nonlinearity of the forward operator *F* we impose the tangential cone condition$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert F(\tilde{x})-F(x)-F'(x)(\tilde{x}-x)\Vert \le c_{tc}\Vert F(\tilde{x})-F(x)\Vert \text{ for } \text{ all } \tilde{x},x\in \mathcal {B}_R \end{aligned}$$\end{document}$$(also called Scherzer condition, cf. \[[@CR25]\]) for some constant $\documentclass[12pt]{minimal}
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Note that the convergence conditions imposed in \[[@CR11], [@CR16], [@CR17], [@CR21], [@CR28]\] in the situation without source condition, namely local invariance of the range of $\documentclass[12pt]{minimal}
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                \begin{document}$$F'(x)^*$$\end{document}$, are slightly stronger, since this adjoint range invariance is sufficient for ([8](#Equ8){ref-type=""}). However, most probably the gap is not very large, as in those application examples where ([8](#Equ8){ref-type=""}) has been verified, the proof of ([8](#Equ8){ref-type=""}) is actually often done via adjoint range invariance. In ([5](#Equ5){ref-type=""}), ([6](#Equ6){ref-type=""}), ([7](#Equ7){ref-type=""}), the bounded linear operator $\documentclass[12pt]{minimal}
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The remainder of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we state and prove convergence results in the continuous and discretized setting. Section [3](#Sec3){ref-type="sec"} shows how to actually obtain the required discretization error estimates by a goal oriented weighted dual residual approach and Sect. [4](#Sec4){ref-type="sec"} illustrates the theoretical findings by an inverse souce problem for a nonlinear PDE. In Sect. [5](#Sec5){ref-type="sec"} we provide some numerical results for this model problem and Sect. [6](#Sec6){ref-type="sec"} concludes with some remarks.

Convergence {#Sec2}
===========

In this section we will study convergence of the IRGNM iterates first of all in a continuous setting, then in the situation of having discretized for computational purposes.
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Theorem 1 {#FPar1}
---------
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Moroever, let *F* satisfy ([8](#Equ8){ref-type=""}), ([10](#Equ10){ref-type=""}).
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Remark 1 {#FPar3}
--------
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First of all, we assess how large the discretization errors can be allowed to still enable convergence. Later on, in Sect. [3](#Sec3){ref-type="sec"}, we will describe how to really obtain such estimates a posteriori and to achieve the prescribed accuracy by adaptive discretization.

Corollary 1 {#FPar5}
-----------
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Then the assertions of Theorem [1](#FPar1){ref-type="sec"} remain valid for $\documentclass[12pt]{minimal}
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Proof {#FPar6}
-----
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Error estimators for adaptive discretization {#Sec3}
============================================
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                \begin{document}$$\eta _k, \xi _k, \zeta _k$$\end{document}$ is done as in \[[@CR18]\]. These error estimators can be used within the following adaptive algorithm for error control and mesh refinement: We start on a coarse mesh, solve the discretized optimization problem and evaluate the error estimator. Thereafter, we refine the current mesh using local information obtained from the error estimator, reducing the error with respect to the quantity of interest. This procedure is iterated until the value of the error estimator is below the given tolerance ([41](#Equ41){ref-type=""}), cf. \[[@CR3]\].
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Summarizing, since we have a convex minimization problem, after solving a nonlinear system of seven equations to find the minimizer, we need only one more Newton step to compute the error estimators to check whether we need a refinement on the mesh or not.

Regarding the problem ([46](#Equ46){ref-type=""}) related to the Ivanov-IRGNM, we have the Lagrangian functional ([50](#Equ50){ref-type=""}) with the cost functional defined by$$\documentclass[12pt]{minimal}
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Remark 3 {#FPar7}
--------

Since DWR estimators are based on residuals which are computed in the optimization process, the additional costs for estimation are very low, which makes this approach attractive for our purposes. However, although these error estimators are known to work efficiently in practice (see \[[@CR3]\]), they are not reliable, i.e., the conditions $\documentclass[12pt]{minimal}
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Model examples {#Sec4}
==============

We present a model example to illustrate the abstract setting from the previous section. Consider the following inverse source problem for a semilinear elliptic PDE, where the model and observation equations are given by$$\documentclass[12pt]{minimal}
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A monotonicity argument yields well posedness of the above semilinear boundary value problem, i.e., well-definedness of $\documentclass[12pt]{minimal}
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For numerically efficient methods to solve the minimization problems ([75](#Equ75){ref-type=""}) and ([77](#Equ77){ref-type=""}) we refer to e.g., \[[@CR4]--[@CR6]\] and the references therein.
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Numerical tests {#Sec5}
===============
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Conclusions and remarks {#Sec6}
=======================

In this paper we have studied convergence of the Tikhonov type, the Ivanov type, and the Morozov type IRGNM with a stopping rule based on the discrepancy principle type. To the best of our knowledge, the Ivanov and Morozov IRGNMs have not been studied so far and in all three Tikhonov, Ivanov, and Morozov type IRGNMs, convergence results without source conditions so far use stronger assumptions than the tangential cone condition used here. We also consider discretized versions of the methods and provide discretization error bounds that still guarantee convergence. Moroever, we discuss goal oriented dual weighted residual error estimators that can be used in an adaptive discretization scheme for controlling these discretization error bounds. An inverse source problem for a nonlinear elliptic boundary value problems illustrates our theoretical findings in the special situations of measure valued and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^\infty $$\end{document}$ sources. We also provide some computational results with the Ivanov IRGNM for the case of an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^\infty $$\end{document}$ source. Numerical implementations and tests for a measure valued source, together with adaptive discretization is subject of ongoing work, based on the approaches from \[[@CR4]--[@CR6], [@CR18], [@CR19]\]. Future research in this context will be concerend with convergence rates results for the Ivanov and Morozov IRGNMs under source conditions.

Appendix {#Sec7}
========

Lemma 1 {#FPar8}
-------
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Proof {#FPar9}
-----

The estimate in ([82](#Equ82){ref-type=""}) can be done by solving the following extremal value problems$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C_\gamma = \max _{x>0}{\phi (x)}\,, \quad C_\epsilon = \max _{x>0}{\varPhi (x)}\,, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi (x):= ((1+x)^p-(1+\gamma )^{p-1})x^{-p} \text{ and } \varPhi (x):= ((1-\epsilon )^{p-1}-(1-x)^p)x^{-p}, \end{aligned}$$\end{document}$$since for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma ,\epsilon \in (0,1)$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi (x)\le C_\gamma \text{ and } \varPhi (x)\le C_\epsilon \text{ for } \text{ all } x>0 \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x:=b/a$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,b>0$$\end{document}$ is equivalent to ([24](#Equ24){ref-type=""}).

Solving for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_\gamma $$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi ' (x) = px^{-(p+1)}((1+\gamma )^{p-1}-(1+x)^{p-1})\left\{ \begin{array}{ll} =0 &{}\Longleftrightarrow x=\gamma ,\\<0 &{} \text{ for } x>\gamma ,\\ >0 &{} \text{ for } x<\gamma , \end{array}\right. \end{aligned}$$\end{document}$$which means that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \max \phi (x)=\phi (\gamma )=\left( \frac{1+\gamma }{\gamma }\right) ^{p-1}, \end{aligned}$$\end{document}$$so defining $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_\gamma :=\left( \frac{1+\gamma }{\gamma }\right) ^{p-1}$$\end{document}$ and writing the resulting inequality in terms of *a* and *b* we have the desired formula.

The formula in ([83](#Equ83){ref-type=""}) is derived analogously. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Lemma 2 {#FPar10}
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Proof {#FPar11}
-----
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                \begin{document}$$l=k$$\end{document}$ in ([86](#Equ86){ref-type=""}) and using the geometric series formula, we get the assertion ([85](#Equ85){ref-type=""}).
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